ABSTRACT. Given a compact smooth hypersurface M in Rn+1, we construct a family {Xk}, k = 1,2,..., of nonsingular real algebraic subsets of Rn+1 such that each Xk is isotopic to M but, for k / I, Xk and X¡ are not birationally equivalent.
Let M be a compact smooth (i.e., C°°) manifold and let f2aig(M) be the set of all equivalence classes of pairs (X,<p), where X is a nonsingular real algebraic set, ip: X -> M is a smooth diffeomorphism, and two pairs (Xi,<pi), (12,^2) are considered to be equivalent if there exists a regular isomorphism 7 : Ii -+ X2 satisfying <pi -<p2 o 7. Thus fia]g(M), originally introduced by Akbulut and King [1] , is the set of distinct algebraic structures on M (the moduli space of M).
It is well known that if we replace in the above definition of Oaig (M) the real data by the complex ones, i.e., if M is a compact complex manifold, X a complex projective algebraic set, <p a biholomorphism, and 7 a complex regular isomorphism, then the corresponding space f2aig(M, C) is either empty or has exactly one element (cf. [5, p. 68] ). The situation is quite different in the real case. The space fiaig(M) is never empty by a well-known theorem of Nash-Tognoli [1] . Akbulut and King [1, 2] described how to construct smooth manifolds M with fiaig(M) containing at least two elements, but their method does not allow us to prove that f2aig(M) is infinite. On the other hand one easily shows that fiaig (■?"), where 5™ is the unit n-dimensional sphere, is an infinite set provided n > 1. Indeed, for each integer k, k > (n + l)/2, consider the complex algebraic projective set V* = {[21,... and Sn(l) are birationally equivalent, then so are Vk and V¡. Hence naig(S") is an infinite set.
The following conjecture seems to be reasonable. CONJECTURE. For every compact smooth manifold M, the set Oaig(M) is infinite.
We shall prove this conjecture in some special cases.
THEOREM. Let M be a smooth compact hypersurface in R"+1, n > 1. Then there exists a family {Xk}, k = 1,2,..., of nonsingular algebraic subsets o/R™+1 such that Xk is isotopic to M and for k ^ I, Xk and Xi are not birationally equivalent. In particular, the set fiaig(M) is infinite.
PROOF. The proof is a refinement of the idea applied above for Sn. We identify Rn+1 with a subset of the real projective space RP"+1 via the map (xi,... (i) M is the connected sum of a compact smooth hypersurface N in R™+1 and k copies of the projective space RP™, n > 1.
(ii) M is a compact surface.
Then f2aig(M) is an infinite set.
PROOF, (i) First observe that if Xi is a nonsingular real algebraic set, F¿ an algebraic subset of X¿ and B(Xi, F¡) the algebraic blowing up of Xi along Y¿, i = 1,2, then Xx is birationally equivalent to X2 if and only if B(Xi,Y{) is birationally equivalent to B(X2, Y2). Now if AT is a nonsingular real algebraic set diffeomorphic to N, then by blowing up k points in X, one obtains a nonsingular real algebraic set diffeomorphic to the connected sum of N and k copies of RP™. Hence (i) follows from the theorem.
(ii) is a particular case of the theorem if M is orientable and a particular case of (i) if M is nonorientable.
